In this paper, we employ generalized Lyapunov functions to derive new estimations of the ultimate boundary for the trajectories of two types of Lorenz systems, one with parameters in finite intervals and the other in infinite intervals. The new estimations improve the results reported so far in the literature. In particular, for the singular cases: b → 1 + and a → 0 + , we have obtained the estimations independent of a. Moreover, our method using elementary algebra greatly simplifies the proofs in the literature. This is an interesting attempt in obtaining information of the attractors which is difficult when merely based on differential equations. It indicates that Lyapunov function is still a powerful tool in the study of qualitative behavior of chaotic systems.
Introduction
The discovery of the first chaotic attractor, now called Lorenz attractor (also known as butterfly attractor), by Lorenz in 1963 , has created a new era of nonlinear dynamical systems (e.g. see [Lorenz, 1963 [Lorenz, , 1993 Ruelle, 1976; Sparrow, 1982; Pecora & Carroll, 1990; Cuomo & Oppenhein, 1993; Chen & Dong, 1998; Liao & Chen, 2003; Liao, 2004; Liao & Yu, 2005] ). The well-known physicist, Ford, considered the discovery as "the third revolution of physics in 20th century". Since then although the fundamental and complex behavior of chaotic systems has been extensively studied and many results have been published, only until 1999 was the existence of the Lorenz attractor rigorously proved [Tucker, 1999 [Tucker, , 2002 Stewart, 2002] . It was pointed out by Tucker [1999 Tucker [ , 2002 that it was very difficult to obtain information of the attractor directly from the differential equation itself.
To study the qualitative behavior of a chaotic system, the property of ultimate boundary plays a very important role in the study. This is because the existence of such an ultimate boundary rules out the possibility of equilibrium points, periodic or quasi-periodic solutions, or other chaotic attractors existing outside the attractive set. The Russian scholar, G. Leonov was the first one to investigate the estimation of the global attractive set of the Lorenz system and obtained two important results [Leonov, 1988 [Leonov, , 2001 Leonov et al., 1987a Leonov et al., , 1987b . Recently, Li et al. [2005] applied the method of Lagrange multiplier to obtain an estimation of the global attractive set for the Lorenz system which allows b taking the values 1 ≤ b ≤ 2. This improved Leonov's estimation [Leonov, 1987a] which becomes singular when b → 1 + . We also obtained [Liao, 2004; Yu & Liao, 2006] some new results on the global attractive set of the Lorenz system, which improved Leonov's results. Our methods simplified Leonov's proofs.
As a continuation of our previous work [Liao, 2004; Yu & Liao, 2006] , in this paper, we want to further consider the estimation of the ultimate boundary (or the estimation of the global attractive set) of the Lorenz system for two types of parameter intervals. Our results improve and generalize the results obtained in [Leonov, 1988 [Leonov, , 2001 Leonov et al., 1987a Leonov et al., , 1987b ]. We will give elementary but rigorous proofs for the results presented in this paper. Our method may provide a useful technique in further studying the ultimate boundary of chaotic systems, showing that the generalized Lyapunov function is still a powerful tool in the study of the qualitative behavior of chaotic systems.
The First Type of Lorenz System
Consider the first type of Lorenz system, given by [Lorenz, 1963] 
where the dot denotes differentiation with respect to time t, the parameters a, b and c are assumed positive real numbers, satisfying a, b ∈ (0, +∞) and c ∈ [1, +∞), because when c ∈ (0, 1) it is easy to show that the origin (0, 0, 0) is the unique equilibrium point of the system and is globally, exponentially stable. Therefore, the parameters a, b and c are varied in the specified intervals, and we may call this Lorenz system as an interval Lorenz system. The typical set of parameter values for this Lorenz system to exhibit a chaotic attractor is: a = 10, b = 8/3 and c = 28 [Lorenz, 1963] . The Lorenz system (1) is chaotic when the three parameters take certain values, and regular for other values.
Regardless whether the Lorenz system is chaotic or not, we shall uniformly consider the ultimate boundary of the Lorenz system (1) (or the Lagrange asymptotic stability), and derive the estimation of the ultimate boundary. 
Remark. The first estimation in Eq. (2) was obtained in [Leonov, 2001] , and the second estimation in Eq. (3) withR 2 = σc 2 (σ > 1) was given in [Liao, 2004] .
Proof. For system (1), with respect to the partial variables y and z, we construct the following generalized positive definite and radially unbounded Lyapunov function:
with respect to time along the trajectory of system (1) yields
Define an ellipse Q : y 2 + bz 2 − bcz = 0, then dV 1 /dt = 0 on the ellipse Q, while dV 1 /dt < 0 outside the ellipse Q. Thus, on any circle: V 1 = l 2 which encloses the ellipse Q, we have dV 1 /dt ≤ 0. That is, the direction of any trajectory of system (1) starting from the circle V 1 = l 2 must move to inside of the circle. Now, we want to select the smallest circle which encloses the ellipse Q, i.e. to find the smallest radius, l 0 , of the circle V 1 = l 2 . To achieve this, first note that l 0 ≥ c and z 0 ≥ 0, where z 0 is the coordinate of the intersection point. Thus, consider the following system of equations:
from which it is easy to obtain
Then, based on Eq. (5), we have the following results.
(i) When b ≥ 2, the second line of Eq. (5) clearly shows that the unique real solution for z 0 is obtained when (5) indicates that the minimum value of l 2 (≥ 0) is obtained when z = z 0 = 0 at which l 2 = c 2 .
The above results prove the first statement in Eqs. (2) and (3). Next, for system (1), construct the positive definite and radially unbounded Lyapunov function for the variable x : V 2 = x 2 /2. Differentiating V 2 along the trajectory of system (1) results in
which shows that the second statement in Eqs. (2) and (3) are true. This completes the proof of Theorem 1.
The Second Type of Lorenz System
Chen and Lü [2003] proposed the following family of Lorenz systems (or called unified system):
where 0 ≤ α ≤ 1. Then,
(1) when α = 0, system (6) is the classical Lorenz system, and when 0 ≤ α < 0.8, it is called generalized Lorenz system [Chen & Lü, 2003 ]; (2) when α = 1, system (6) is the Chen system, and when 0.8 < α ≤ 1, it is called generalized Chen system [Chen & Lü, 2003 ]; (3) when α = 0.8, system (6) is the Lü system, which is also called generalized Lü system.
For Chen and Lü systems, no correct results have been reported on the estimations of their global attractive and positive invariant sets. In fact, the ultimate boundedness of these two systems has not been proved. For the family of generalized Lorenz systems, no proof has been given for its global attractive and positive invariant set. However, for a subset of the family of generalized Lorenz systems (i.e. when 0 < α < 1/29), Li et al. [2003] have investigated the estimation on the ultimate boundary of the trajectories. In order to distinct this subset from the Lorenz system and the generalized Lorenz system, we call this subset of the family of generalized Lorenz system as the second type of Lorenz system with finite parameter intervals. Although all the parameters in the second type of Lorenz system are bounded, it has one more coefficient for the y variable in the second equation, compared to the classical Lorenz system. Therefore, the second type and the first type (which only contains three parameters) of Lorenz systems do not overlap. They need to be studied separately.
For convenience, introduce the following notations: and thus system (6) can be rewritten aṡ
Theorem 2. For the second type of Lorenz system (7), let X * = (0, 0, c(α)). We have the following estimations for the ultimate boundary:
Proof. For system (7), with respect to the partial variables y and z, construct the following generalized positive definite and radially unbounded Lyapunov function:
Differentiating V 1 with respect to time, with the aid of the second and third equations of (7), yields
Therefore, we obtain the first estimation of (8), which implies that |y(t)| ≤ R. Finally, for the first equation of (7), similarly construct the positive definite and radially unbounded Lyapunov function x : V 2 = x 2 /2. Then, along the trajectory of system (7), by noting that
Hence, the second estimation in (8) holds. The proof of Theorem 2 is complete.
In the following, we give a more general result. 
Proof. Let
Next, for system (7), construct the following generalized positive definite and radially unbounded Lyapunov function:
where λ ≥ 0. At λ = 0, V λ becomes the generalized positive definite and radially unbounded Lyapunov function V 1 for the variables y and z. Computing dV λ /dt along the trajectory of system (7) and notic-
Hence, we obtain
which is Eq. (11). This finishes the proof of Theorem 3. Remarks. Theorem 3 is a general result, and Eq. (11) covers many special cases considered so far, for example, as listed below.
(1) Take α = 0, λ ≥ 0 in Theorem 3, then Eq. (11) is the result given in the main theorem of [Liao, 2004] .
(2) Take α = 0, λ = 1 in Theorem 3, then Eq. (11) gives the estimation obtained by Leonov [1987a] . (3) Take α = 0, λ = 0 in Theorem 3, then Eq. (11) becomes the estimation obtained by Leonov [1988] . 
Numerical Simulation Results
In this section, we present some numerical simula the last cases which show convergence to stable points. However, it should be pointed out that these stable points, as shown in Figs 1(f) and 2(d), are not equilibrium points. For the second type of Lorenz system, a total of six cases are presented for different values of α. The simulated phase portraits are shown in Fig. 3 . For the first two cases: α = 0.03 and α = 0.034, both of them satisfy α ∈ (0, 1/29). Formula (8) given in Theorem 2 can provide estimations for the boundaries of the attractive sets. The numerical results indicate that except for the case α = 0.9, all other cases exhibit either generalized Lorenz attractor or generalized Chen attractor. When α = 0.9, the trajectory [see Fig. 3(e) ] shows a quasi-periodic motion. When α is further increased from 1, it is found that for the values of α > 1, but very close to 1, the motion is chaotic; while when α is slightly greater than 1, the motion is quasi-periodic, and then quickly becomes periodic.
Conclusion
In this paper, we have given a survey on the results obtained so far on the estimations of the global attractive and positive invariant set of the Lorenz attractor. We have considered two types of Lorenz systems and obtained new estimations. We apply generalized Lyapunov functions to give simple proofs based on elementary algebra. The simple approach shows that Lyapunov function is still a useful tool in the study of complex nonlinear systems. Numerical simulations are presented to support our theoretical results.
